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Abstract. We parametrize the space Z of Zygmund vector fields on the unit 
circle in terms of infinitesimal shear functions on the Farey tesselation. Then 
wc express the Hilbert transform and the Fourier coefiicients of the Zygmund 
vector fields in terms of the above parametrization by infinitesimal shear func- 
tions. Finally, we compute the Wcil-Petersson metric on the Tcichmiiller space 
of a punctured surface in terms of shears. 



1. Introduction 

The hyperbolic plane H has the unit circle as its ideal boundary. Vector 
fields on the unit circle arc describing infinitesimal deformations of the circle 
maps. We study Zygmund vector fields which arise as tangent vectors to the space 
of quasisymmctric maps of at the identity map id : (see [15], [25]). The 

Tcichmiiller space r(H) of the hyperbolic plane H, called the universal TeichmiiUer 
space, consists of all quasisymmctric maps of the unit circle which fix 1, z, — 1 G 
S^. Therefore, the space Z of all Zygmund vector fields on which vanish at 
l,i,—l G is the tangent space to the universal Tcichmiiller space T(H) at the 
basepoint id G r(H) (see [TT]). 

The Farey tesselation T of the hyperbolic plane H is a locally finite ideal tri- 
angulation of H which is invariant under the group of isometrics of H generated 
by hyperbolic reflections in the sides of a complementary triangle of J-. The group 
of orientation preserving isometrics of H that setwise preserve J- is isomorphic to 
PSL2{Z) and it acts simply transitively on the oriented edges of J-. A vector field 
on naturally induces a real- valued function on the edges of J^, called the infinites- 
imal shear function of V (see Section 4) . We parametrize the space Z of Zygmund 
vector fields on S*^ that vanish at 1, i, — 1 S S'^ in terms of the corresponding shear 
functions. Then we proceed to compute the Hilbert transform of Zygmund vector 
fields in terms of infinitesimal shear functions. We apply these formulas to compute 
the Weil-Petersson metric on TeichmiiUer spaces of finite punctured surfaces and 
the Fourier coefficients of Zygmund vector fields. Finally, we show that the formula 
for the Weil-Petersson metric in shear coordinates extend by continuity to the Weil- 
Petersson metric of the boundary TeichmiiUer space in its shear coordinates (which 
is a result of Masur [18]). We give more details below. 

A quasisymmctric map h : induces a shear function s : — > R which 

assigns to each edge e £ a real number 

s(e) = log cr(a, 6, c, d) 
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where the endpoints of e are b,d ^ S , the two adjacent complementary triangles of 



T with common side e have third vertices a,c & , and cr(a, b, c, d) — '^^^'^ 



A fan of geodesies of J- with tip p G ia the set J-'p of all geodesies of J- with one 
endpoint p. Fix a correspondence of J-p with the integers Z such that = {eP}„gz 
and efj is adjacent to e^_|_j^ for all n G Z. We have the following characterization of 
quasisymmctric maps in terms of shear functions. 

Theorem 1. |29| A shear function s : J-" — > R induces a quasisymmctric map of 
the unit circle if and only if there exists a constant M > I such that for each fan 
■^p — {^n}n£Z and for each m,k G Z , k > 0, we have 

1 , , 1 4- pS{em+l) I ... I pS(e,„ + i)H |-s(e„, + fc) 

_ < - — - < M 

M ~ 1 + e^^f^^-i) + • • • + e^'^f'^'"-!) s(e„_fc) — 



A differentiable path ht : , \t\ < e, of quasisymmetric maps with ho = id 

induces a Zygmund vector field V on by the formula 

V{z) = j^h{z)U=o- 
If St : — > R is the path of shear functions for ht , then the derivative 



—St{e)\t=o = s(e) 
for e G T induces a infinitesimal shear function 

s:T^R 

corresponding to the Zygmund vector field V. Our first result given in Theorem 
14.11 is a characterization of infinitesimal shear functions which induce Zygmund 
bounded vector fields on 5^. 

Theorem 2. Let s : J- R be a shear function. Then s induces a Zygmund 
vector field V on if and only if there exists a constant C > such that for all 
fans J-p = {e^}„gz o,nd for all m,k € Zi, k > 0, we have 

k k — 1 

■s(em) + 1— — r[s(em+i) + s(e„_i)] + ^— -[s(e„+2)+ 



+s(e„i_2)] H h 



■[siern+k) + s(em-fc)] 



< c. 



A vector field on that vanishes at 1, i, — 1 is uniquely determined by its infin- 
itesimal shear function. Therefore the above theorem gives an explicit (and rather 
simple) parametrization of the space 2 (of all normalized Zygmund bounded vec- 
tor fields) which is the tangent space at the basepoint of the universal Teichmiiller 
space T'(H). This should be compared to the question of characterizing Zygmund 
vector fields (or Zygmund maps) in terms of its Fourier coefficients where no ex- 
plicit condition is known (see [11]). The key idea in the proof of the above theorem 
is to "decompose" a vector field V into an infinite sum of the vector fields Vp over 
all fans of J-p of T. The infinitesimal shear functions of Vp are zero on all geodesies 
of except on the geodesies of J^p where they are equal to (the one-half of) the 
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infinitesimal shear function s. We obtain (see Corollary 14. 8p 



Viz) = ^p(^) 



where T'^ is the set of vertices of T\ the convergence is absolute and uniform; each 
partial sum of T^'s and the sum Y is Zygmund bounded with a Zygmund constant 
continuously depending on C . The decomposition of V into vector fields Yp corre- 
sponding to the fans of T is well-suited for the Zygmund vector fields, while writing 
the sum over all geodesies of T does not even produce a pointwise convergence on 

. This is in an analogy with the Cesaro summation of the Fourier series of a con- 
tinuous function where the sum of the Fourier series does not necessarily converge 
at a single point of S*^ (see [H]). 

An interesting problem in Teichmiiller theory is to express the complex structure 
of Teichmiiller spaces in terms of the hyperbolic metric on the underlining surfaces. 
Kerckhoff proved that the Hilbert transform H of the Zygmund vector fields on 5*^ 
is the almost complex structure on the tangent space Z at the basepoint of the uni- 
versal Teichmiiller space T(H) (see Nag-Verjovsky [ID]). We compute the Hilbert 
transform in terms of infinitesimal shear functions (which are hyperbolic geometry 
invariants) which gives a solution to computing of the almost complex structure 
on the universal Teichmiiller space T'(H) in terms of the hyperbolic geometry (see 
Theorem [O and Theorem O]). 

Theorem 3. Let V he a Zygmund bounded vector field on and let s : J- ^ TL he 

the corresponding shear function. Then the Hilbert transform of V is given hy the 
series 



where HVp is the Hilbert transform of Vp and Vp is defined as above using the shears 
in the fan Tp. The series converges uniformly on . 

Moreover, the Hilbert transform H{Vp) of the vector field Vp corresponding to 
the fan Tp = {e^}„gz is given by the formula 



where af^ is the initial point and 5fj is the terminal point of e^J . 

Theorem 3 gives the Hilbert transform on Zygmund vector fields on S'^ in terms 
of infinitesimal shear functions from Theorem 2. Penner [24] gave a related formula 
for the Hilbert transform on C^/^"*~'^-smooth vector fields which are contained in the 
space of Zygmund vector fields. The formula in Theorem 3 is a double sum with 
the exterior sum over all all fans of T and the interior sum over all geodesic of a 
single fan. We remark that a single sum over all geodesies in T does not necessarily 
converge which forces the double sum. The formula of Theorem 3 can be explicitly 
given in terms of the hyperbolic geometry and we obtain an expression for the 
infinitesimal shear function H{s) of the Zygmund bounded vector field H{V) in 
terms of the hyperbolic invariants of T and the infinitesimal shear function s (see 
Corollarv 16.11 and Corollarv l6.2p . 

We also compute the Fourier coefficients of Zygmund bounded vector fields in 
terms of infinitesimal shear functions (see Theorem 17. ip . 



HV{x) = HVp{x) 



P6Q 




n— — OO 
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Theorem 4. Let V : ^ C be a Zygmund vector field and let s : J- ^ H. be the 

corresponding infinitesimal shear function. Then the n-th Fourier coefficient V(n) 
of the vector field V is given by 

V{n) = ^ %{n), 
where the convergence is absolute and 

' 47r e'-^n - e'-^i L i(2 - n) ^ ' 

X - - k pMa+<^^)_ ^ 



i(l — n) —in 

Finally, we consider the almost-complex structure on the Teichmiiller space T{S) 
of a finite area hyperbolic surface S with at least one puncture. Let r be an ideal 
geodesic triangulation of S and let f be the lift of r to the hyperbolic plane H. 
Then a infinitesimal shear function s : f — > R which is invariant under the deck 
transformations for the universal covering of S and which satisfies the cusp condition 
(see Section 8) represents a tangent vector V to T{S). We obtain a formula for 
the infinitesimal shear function H{s) of the Hilbert transform of V and for the 
Weil-Petersson metric on T{S) (see Corollary 18.41 and Theorem 19. ip . 

Theorem 5. Let s : f — >■ R &e the infinitesimal shear function of a Zygmund 
bounded vector field V invariant under a co-finite group G, where f is an ideal ge- 
odesic triangulation o/H invariant under G. Then the infinitesimal shear function 

H{S) : f ^ R 

of the vector field H{V) obtained by taking the Hilbert transform of V is given by 
H{~s){{b,d)) = s(en)A,,d(e„) 

where (6, d) Cz f is the common boundary side of the two complementary triangles 
off with vertices {a,b,d) and {b,c,d), f = {e„}„gN, 

AM(e„) = sinh^ (^) logcoth^ (%) +cosh^ (%^)logcoth2 (^)- 

cosh^ {^) logcoth^ {^) cosh^ {^) logcoth^ 

and 5b.c is the distance between between the geodesic e„ and the geodesic {b, c) with 
analogous definition in other cases 6a,d,Sa,biSc,d- If ho.s at least one endpoint in 
(a^b,c,d) then Ah_rf(e„) is given appropriate interpretation as in Section 6. 

Moreover, the Weil-Petersson metric pairing of the two tangent vectors Vi,U2 to 
T{S) represented by two infinitesimal shear functions Si, S2 : r — >■ R is given by 

gwp{vi,V2) = 2i{si,H{s2)) 

where H{s2) is the projection of H{s2) onto t and i{-,-) is Thurston's algebraic 
intersection number. 

We point out that the expression in the above theorem which represents the 
almost complex structure on the tangent space in terms of infinitesimal shear func- 
tions is given by a single sum unlike for arbitrary Zygmund bounded vector fields 
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where the sum is double. This feature appears because the infinitesimal shear func- 
tions are invariant under the action of a cofinite Fuchsian group G. Finally, we use 
the above expression of the almost complex structure in terms of shear coordinates 
to conclude that the almost complex structure on T{S) extend continuously to the 
boundary Teichmiiller spaces of T{S) obtained by pinching some closed curves on 
S (sec Section 10). Together with the result of J. Roger [27] which establishes that 
the Thurston's algebraic intersection number extend by continuity to the boundary 
of T{S), we obtain the well-known result of Masur (TB] that the Weil-Petersson 
metric extends by continuity to the boundary of T{S). We also point out that G. 
Riera [26] obtained a formula for the Weil-Petersson metric on Teichmiiller spaces 
of closed surfaces in terms of hyperbolic invariants. 

2. Zygmund vector fields and the tangent space to T(H) 

Let H — {Im{z) > 0} be the upper half-plane model of the hyperbolic plane 
with the hyperbolic metric given by p{z) ~ jj^Tpj • Then R = RU {oo} is the ideal 
boundary of H and R is homeomorphic to the unit circle S^. A continuous map 

V TL^R 

such that 

(1) hm = hm —\- < oo 

represents a ( continuous ) vector field on R. R is a chart of R and the condition ([!]) 
guarantees that V extends by continuity to a well-defined vector field at oo G R. 

A vector field F : R — >■ R on R is said to be Zygmund if there exists C > such 
that both V{x) and x'^V{l/x) satisfy 

(2) \V{x + t) + V{x-t)-2V{x)\<Ct 

for X £ [—2, 2] and t £ [0, 1]. liV is Zygmund, then V can be normalized by adding 
a quadratic polynomial in x such that V{0) = V{1) = and V{x) = 0(a;log \x\) 
as |a;| — >■ oo (see We are mainly interested in Zygmund vector fields on R. A 

quadratic polynomial in x describes an infinitesimal change in PSL2 (R) which is a 
trivial change in our context of the universal Teichmiiller space T{H). Alternatively, 
a vector field F : R ^ R on R is Zygmund if it satisfies ([2]) for all x e R and t > 0. 
The Zygmund norm of a Zygmund vector field : R — > R is the smallest constant 
C for which ([2]) remains in force. 

Let a, 6, c, d e R be four distinct points. The cross-ratio cr(a,b, c, d) is defined 

by 

cr(a bcd)= (^-b)id-a) 
cr(a,o,c,a) _ ^-^^^ _ 

The cross-ratio norm \\V\\cr of a vector field 1/ : R — > R on R is defined by 

V{c)~V{b) V{d)^V{a) V{b)-V{a) V{d)-V{c) 



||T^||cr= sup 

cr{a^b,c,d) — l 

A sequence {VnlneN of Zygmund vector fields converges to a Zygmund vector 
field V in the topology of the Zygmund norm (the cross-ratio norm) if and only if 
the Zygmund norm (the cross-ratio norm) oi V — Vn goes to zero as ?i — > 00. The 
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convergence in the Zygniund norm is equivalent to the convergence in the cross-ratio 
norm [12], pi] . 

Gardiner and Sullivan |15] . and Riemann [25] showed that a normalized vector 
field 1/ : R — )• R is Zygmund if and only if there exists a differentiable path of 
quasisymmctric maps 

ft-t : R ^ R 

for \t\ < e and e > such that hf : 0, 1, oo !-> 0, 1, oo and 
on R. 

We recall that the universal Teichmiillcr space r(H) consists of all quasisym- 
mctric maps /i : R — > R such that /i : 0,l,oo i— > 0,1, oo. Thus the space Z of 
normalized Zygmund maps is identified with the tangent space ridT(H) of the 
universal Teichmiillcr space T(H) at the identity (basepoint) id G T(H). 

3. Complex structure on r(H) and Hilbert transform on Zygmund 

VECTOR FIELDS 

Let y : R — !■ R be a normalized Zygmund vector field V on R, namely V 
is a tangent vector to T(H) at the basepoint id £ 7'(H). Let /i S i°°(H) be a 
Beltrami differential representing the tangent vector V £ TidT{ll). Denote by [p] 
the equivalence class of Beltrami differentials representing the same tangent vector 
as /i. We have [3], [TT] a standard formula 



V{x)=--Re[ R{x,C)KOdidr], 



where R{x, () — ^>(^>^^^)(c-a:) ' C = ^ + *^ G H a; G R. 

The complex structure operator J : TidT(H) — TidTCH.) is given by J([/i]) = 
[ifi], where [p] is the tangent vector represented by /i S L°°(H) and i G C is the 
imaginary unit. The above formula gives that the complex structure on V is 

J{V){x) ^ --Re I R{xX)iKC)d^dr] 
TT Jh 

or, equivalent ly 

J{V){x) = -Im I R{xX)KC}d£,dr]. 

Let V{z) for z e H be the Beurling-Ahlfors extension of V into H (see [TS], [TTJ 
pages 316,317]). Then we have that dV{z) = ii{z) a.e. in H (see [11]). By Stoke's 
theorem, we get 

- / R{xX)mdidin=p.v.- I R{x,OV{m~^V{x). 

By taking the real parts in the above equality, we obtain that the complex 
structure J on is 

J{V){x)^~-p.v. f R{x,OV{Od^ 

for X S R which equals the Hilbert transform of V 

(3) H{V){x)^--p.v. [ R{x,OV{OdC 

Jr 
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Kerckhoff was first to observe that the Hilbert transform gives the almost- 
complex structm'e operator on TidT(H) and the proof of this statement first appears 
in . We used the discussion in [TU] . The Hilbert transform preserves the space 
of normalized Zygmund vector fields on R (see [35], [TU]). 

Let V(o,oo) : R — > R be the elementary shear vector field for the geodesic (0,oo) 
defined by 



(4) 



V, 



(0,oo) 



X, for a; > 
0, for a; < 



Then the Hilbert transform of V(o is given by 



(5) 



for all x e R. 

Some more elementary integration gives 



(6) 



rr/TT \/ \ 1/ M I I (a - 1) log la — 1| 
H{V,^a.^)){x) = -(x-a)log|a;-a| + ^ ^—^ ^-x- 



a log a 



for all a; e R, where a G R, a > 0, and the elementary shear vector field V(^a,oo) for 
the geodesic (a, oo) is defined by 



^(a,oo)(a;) 



x — a, for X > a 
0, for X < a 



For a £ R, a < 0, the elementary shear vector field for the geodesic (— oo, a) is 
defined by 

— (x — a), for X < a 
0, for X > a 

Then 



y{-ocM){x) 



^ 1/ N, , , (a — 1) log la — 1| 
H{V^-oo,a)){x) = {x - a) log Ix - a| - ^ '—^ ^-x+ 

(7) ^ ^ 



Let a, 6 G R and a < b. For the elementary shear vector field 

{x — a) {x — b) 



, for a < X < 6 

0, otherwise 



we obtain the Hilbert transform 



(8) 



\f \ 1 ix-a){x~b) 
H{V(^a.b))(x) = 7 lo: 



7r(a — b) 



1 



a- 1 



x - 1 



ab 



7r(a — 6) 



log 



for all X e R. 
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4. Shear parametrization of Zygmund maps 

Let : R — > R be a normalized Zygmund vector field. Namely V{x) satisfies 
^ and it vanishes at 0, 1 and oo, where vanishing at oo means that the rate of 
growth of |T^(a;)| is |a;|log|a;| as a; — >■ ±oo (see [H]). Let /ij : R — >• R, \t\ < e, be 
a path of quasisymmetric maps such that Hq = id, ht fixes 0, 1 and oo for each t, 
\t\ < e, and 

for all a; G R. In addition, we assume that the quasisymmetric constants of are 
bounded by 1 + Ct for some constant C and for each t, \t\ < e (see [13], PT]). 

Given two ideal hyperbolic triangles Ai and A2 with common boundary side 
e and disjoint interiors, the shear of Ai and A2 is the signed hyperbolic distance 
between the projections of third vertices of A2 and Ai onto e with the orientation 
of e as a part of the boundary of Ai. A homeomorphism ft, : R — > R maps the 
Farey tesselation T onto a tesselation h{F). Given e G J^, let A^ and Aj be the 
two complementary triangles of h{F) with common boundary side h{e). We define 
a shear function s : J" — >■ R of /i by setting s(e) to be equal to the shear of the 
triangles A^ and A|. 

Let St : — >■ R be the path of shear functions corresponding to the path ht of 
quasisymmetric maps. It follows that 

s(e) ^St(e)|t=o 
is well-defined for each e G by the differentiability of ht. The function 

associated to V is called the infinitesimal shear function of V and it uniquely 
determines V when V is normalized to vanish at 0, 1 and 00. 

A fan of geodesies in J- with tip p € Q consists of all geodesies of J- with a 
common cndpoint p. We orient each geodesic of the fan with tip p such that p is its 
initial point. Then for two geodesies e and e' of the fan with tip p we define e < e' 
if e' is to the left of e and we define e' < e, otherwise. This induces a one-to-one 
correspondence of the fan {e„}„gz with integers Z such that e„ is adjacent to e„+i 
and e„ < e„+i for all n G Z. Under the above assumptions on ht, there exists 
C > such that 

1 1 -I- f>st{m+l) I ... I pSt{m+l)-\ \-St(m+k) 

(9) - <e^'(") - — <1+Ct 

1 + Ct ~ I e~-st{m-l) ^ . . . g-st{m-l) stim-k) — 

for all m, fc G Z, where St{m) := St{e,n) (see [29]). We have the expansion 

St(m) = s{m)t + Omit) 

where o,„(t)/t — > as t — > and constant in 0m,{t) depends on m. From ^ and 
the above expansion, we obtain 



(10) 



s(m) H ; — \s(m + 1) + s(m — I)] -\ ; — [5(771 - 

k k 

+s(m - 2)1 H h - \s(m + k) + s(m - k)] 

k 



< C 



for all m, fc G Z, for all fans {e„}„gz of T and for the fixed constant C > from the 
above. Thus pU)) is a necessary condition for s : R to be the infinitesimal shear 
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function of a Zygmund map V. We show that ([T0| is also a sufficient condition. 
Thus the space Z of ah Zygmund vector fields normalized to vanish at 0, 1 and oo 
is parameterized by the set of functions s : J- R which satisfy pUj) in all fans for 
some constant C > (which is the same for all fans). 

Theorem 4.1. Let s : J- ^ R be an arbitrary function. Then s is the infinitesimal 
shear function of a normalized Zygmund vector field V : H ^ H if and only if s 
satisfies 110\) for all fans in T with a fixed constant C . 

Proof. We proved above that pO)) is a necessary condition for F to be a Zygmund 
vector field. It remains to prove that (jlOp is also a sufficient condition for s to be 
induced by a Zygmund vector field V : R — > R. We first show that s is induced by 
a continuous vector field y : R — > R. 

Let Aq be a hyperbolic triangle in the upper half-plane H with vertices 0, 1 
and oo. We orient each edge in F to the left as seen from Aq. Consider a fan of 
geodesies Fp = {ej^jngz with tip p E Q. The geodesies of the fan are divided 
into two groups with respect to the orientation given by Aq: the geodesies whose 
initial point is p and the geodesies whose terminal point is p. We enumerate the fan 
with tip p by {ej^jnez such that is adjacent to e^_^_i, and that Cg has initial point 
p and has terminal point p. This enumeration is unique. In the case p — oo, we 
have that is a geodesic with cndpoints n and oo. 

Assume that function 

s : Z ^ R 

satisfies (fTO|) . We define 

r ; X e [0, 1] 

(11) V°°{x)^l s{l){x-l) + --- + s{n){x-n) ; xe {n,n + l] 

[ —s{0)x — • • • — s{—n){x + n) ; a; G [—n — 1, —n) 

for n € N. 

Proposition 4.2. Under the above notation, the vector field : R — )■ R is 
Zygmund with the Zygmund norm 2C + 18||s||oo < 20C, where C is given in 

Proof. It is clear that V^°° is continuous. We consider a: G R and t>2. Let to e Z 
and A; € N be such that to < a; < to + 1 and 7n + k<x + t< m + fc + 1 . Then we 
have fc — l<t<fc + l and m — k— l<x — t<m— k + 2. A simple estimation 
shows that 

\vr{x+t) + vrix-t)-2vr{x)\ < \vr{m+k) + vr{m-k)- 

-2V°°{m)\ + epiloofc + 3p|| < C\t, 

where Ci = 2C + 18p||oo because fc > 1 implies 2t > k and condition (jlOp is 
equivalent to \V^^{m + fc) + 1A°°(to - fc) - 2V°°{m)\ < Ck. 

For < i < 2, we have that is piecewise linear on each interval [x — t,x + t] 
with at most three points where it is not differentiable and with the bound p||oo 
on the difference between the two adjacent slopes. Thus |Kj°°(a; + t) + V^{x — 
t) — 2V^{x)\ < Cit in this case as well. Thus is Zygmund bounded with the 
Zygmund norm Ci. □ 

Continuation of the proof of Theorem \4-l\ We introduce an order on Q using the 
Farey tesselation. Namely, and oo in Q are said to be of order 1. The numbers 
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1 and —1 are said to be of order 2. If the maximum of the orders of a/h and c/d 
is n and they are adjacent on R (when we consider only numbers in Q of order at 
most n), then the mediant (a + c)/(& + d) is of the order n + 1. In this fashion, 
we obtain the whole Q. There are two order 1 and two order 2 numbers in Q. For 
n > 2, there are 2"^^ numbers of order n. 

The reference triangle Aq has vertices 0, 1 and cjo. Fix p £ Q and let Fp = 
{e^jngz be the fan with tip p. Recall that ej^'s are oriented to the left as seen from 
Aq, and that eg has the initial point p and e\ has the terminal point p. Let a be 
the terminal endpoint of Cq and let B G PSL2{'Z) be the unique element such that 
B{Q) = a and B{oo) = p. Let be given by formula (fTTj) where 

Sp : Z — > R 

is defined by 

Spin) = -s(e^) 

for n e Z. (Note that we use because each geodesic of T appears in two 
different fans.) Then is a Zygmund vector field with the Zygmund constant 
IOC by Proposition O " 
Define 

Then is a Zygmund vector field corresponding to the shear function which agrees 
with is at J-"p = {e^}„gz and which is zero on \ J^p. If p ^ 0, 1 then Vp is 
normalized to be zero on {~oo, B{0)) U {B{1), +oo) if B{0) < B{1), otherwise Vp is 
zero on (— oo, B{1)) U (5(0), +oo) if B{1) < B{0). In both cases Vp vanishes at oo. 
It is also true that Vp vanishes at and 1 because geodesies in Tp do not separate 
and 1 from Ag. Thus is a normalized Zygmund vector field. 

We define a formal series 

V{x) := ^P(^) 

for X £ H. It is clear that V is well-defined on Q because only finitely many terms 
Vp{x) in the above series are non-zero. (If we knew that ^ is a tangent vector to 
some path of homeomorphisms, then the corresponding infinitesimal shear function 
would be equal to s : H. However, we still need to show that V is defined on 
all of R and that it is Zygmund.) 

Proposition 4.3. The series 

(12) V{x) J2 (^) 

converges absolutely and uniformly on compact subsets o/R. 

Proof. Let a; e R. By Proposition 14.21 and the above, the Zygmund norm of each 
V^ is bounded by Ci = IOC This implies that the cross-ratio norm of each V^'^ is 
bounded by C2 = C2(Ci) (see [T5], dJ). Thus the Zygmund norm of Vb is bounded 
by C2 because Vp is normalized to vanish at 0, 1 and 00. 

Let rx be the geodesic ray from the center of Aq to x € R. Consider the set of 
fans whose geodesies intersect r^- If rx intersects J"p and the Farey order of p is at 
least 2, then rx does not intersect any other fan with the same order. On the other 
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hand, rx intersects both and J-'oo if and only if rx intersects the geodesic with 
endpoints and oo. We order the set of ah fans intersecting rx by the Farey order 
of their tips. The only ambiguity is if both J-q and J-oo intersect Vx in which case 
we set J-Q < J-"oo. This gives us a linear order on the set of fans intersecting Tx and 
we can put them in a sequence {J^p„}neN such that J-p^^ < J-p^^j^. Consider the 
ordered subset {ef" . . . , ef" } of geodesies of Jp„ that intersect rx- Then either 
ii = and ii > 12 > • • • > ifc, or ii = 1 and ii < 12 < ■ ■ ■ < ik- 

Consider the fans J^p^ and J-p„^2- The last geodesic ef^" ^ of the fan Tp^ which 
intersects rx docs not share an cndpoint with the first geodesic e^"^^ of the fan ^p„+2 
which intersects rx- Thus the distance between ef^" ^ and e^"^^ is (5 = log(l + -\/2)^. 

Assume that n > 3. Then no geodesic of the fan J-"p^ has 00 as an endpoint. 
Moreover, the Farey order of p„ is at least 3. Let e^" = (a„,&„) be the first 
geodesic of the fan J^p^ that intersects rx- Note that Vp^{an) — Vp^{bn) = by 
the normalization of Vp^ . The distance of the center of the triangle Aq to " is at 
least ^^^5 by the above considerations. An elementary hyperbolic geometry implies 

that \an — bn\ is of the order e~' 2^ for n e N, where the constant depends on a 
compact subset of R in which x lies. Since Vp^ has e log ^ modulus of continuity 
with the constant depending on its Zygmund norm and since the support of Vp^ 
is the interval in R with endpoints a„ and 6„ , for x in a compact subset of R, we 
obtain 

E l^f (^)l = E < Co + ^ ne-^ < 00 

where Cq — \Vp^{x)\ + iVp^lx)] + |V^3(a;)|, and C3 — 03(02) is a constant which 
depends on the bound O2 on the Zygmund norm of Vp^ 's. □ 

Remark 4.4. We showed that the formal series ([T2|) converges to a continuous 
vector field on R which is normalized to vanish at and 1 because each Vp vanishes 
at and 1. To see that V{x) extends to a (continuous) normalized vector field on 
R we need to show that V{x) = o{x^) as a; — > ±00. In the proof of Proposition 
14.31 we showed that V{x) (for x in a compact subset of R) is bounded in terms 
of the Zygmund bound on V^'s. The push- forward of the vector fields Vp under 
the translation T : a; i-> .x + a, a e R, satisfies ||14)||oo = ||T'*(V^)|joo because 
T*{Vp){x) = Vp{x — a). Let Yl' ^p,^(^) the sum without terms Vp-^, Vp^ and 
Vp^ - Note that each Vp^ in the sum Vp^ (x) does not have a positive shear on a 
geodesic of J- with one endpoint 00. If a: € [fc, fc-l- 1] for fc G Z, define Tj,(x) = x~k- 
Then (7fc)*(^' Vp^{x)) is equal to V^!(a; — k), where the infinitesimal shear function 
of the vector field is the push- forward by Tk of infinitesimal shear function s. 
Since is bounded on compact subsets of R by Proposition l4.3l since x — fc G [0,1] 
and since J2 Vp^ (x) = V^{x - fc), it follows that J2 Vpr. i^) is 

bounded on R. Since 

Vp-^ , Vp2 and Vp^ are normalized to vanish at 00 and ^ Vp^ (x) is bounded on R, it 
follows that V{x) = o{x^) as x — >■ ±00. Thus ([T^ defines a normalized vector field 
on R. 

Remark 4.5. The sum ((T2)) defines a continuous vector field 1^ : R — > R on R 
which vanishes at 0, 1 and 00. This is achieved by normalizing each vector field 
Vb in the same fashion. To normalize V{x) to vanish at the endpoints 01,02,03 of 
another complementary triangle A of J-, we start the construction of each Vp with 
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respect to the triangle A. Equivalently, we need to add a quadratic polynomial to 
the formula ()12p in order to obtain a vector field with the same infinitesimal shear 
function s which vanishes at 01,02,03. The new vector field is of the order 0(x^) 
as X ^ ±00. 

Remark 4.6. Let B e PSL2{R) and let T* = B(T). Then soB-^ : J"* ^ R is a 
shear function on T*. Fix a complementary triangle A* in J-* . Then there exists 
Bi e PSL2{R) such that Bi(Ao) = A* and Bi{T) = T* . We define 

W{x):= J2 ^p(^) 

where Wp = (^i)*(^s-i(p))- Then the series for W{x) converges absolutely and 
uniformly on compact subsets of R\{i3i(oo)} because each term is the push-forward 
of the series ^ by the same Mobius map Bi € PSL2{R). Vector field W -.R-^K 
is normalized to vanish at the vertices of A* and its infinitesimal shear function is 
s o ■.T*^R. 

We continue the proof of Theorem \4-l\ Proposition 14.31 implies that V{x) is a 
continuous vector field on R because each Vp{x) is a continuous vector field and 
the convergence is uniform. We showed in Remark 14.41 that V{x) extends to a 
normalized vector field on R. We need to show that V{x) is a Zygmund vector 
field. We show a slightly stronger statement which will be used later on. 

Proposition 4.7. Let C > be fixed. If 

s:T^R 

satisfies ilO\) with constant C , then there exists M ~ M{C) > such that the vector 
field 

V :R^R 

induced by s is M{C)- Zygmund bounded. 

Proof. Assume on the contrary that there exists a sequence i„ ; — > R of infini- 
tesimal shear functions satisfying (fTO)) with the fixed constant C > such that the 
cross-ratio norms of the corresponding vector fields Wn : R — > R converge to infin- 
ity as n — >■ 00. Then there exists a sequence {Qn = ian,bn,Cn,d„)} of quadruples 
on R with cr(Q„) = (d"Ia")(c"~b") ^ ^ such that |W„[(5„]| — > 00 as n — > 00. (If 
for a single shear function i : T ^ R the induced continuous vector field W is not 
Zygmund, then there exists a sequence Qn as above such that |W^[Qn]| — > 00 as 
n — )■ 00. We replace Wn with W and the argument below is the same.) We seek a 
contradiction. 

Let Q* := (-e'', -1, 1, e'') with (S = log(l-hV2)2 and note that cr{Q*) = 2. Then 
there exists a unique Mobius map B„ such that Bn{Qn) = Q* ■ Define 

Vn := (B„)*W„. 

Then 

as n — >■ cxD. 

Recall that Vn{x) = -^^^^y^^Wn{B-^{x)). Let Fn = Bni^) and i„ ■.= inoB-\ 
Then Vn is a vector field corresponding to s„ whose support is an ideal triangulation 
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and which is iiorniaHzed to be zero at the vertices of the complementary triangle 
A„ := _B„(Ao). There are two possibilities to consider: 

(a) Fn converges to an ideal triangulation F* of H, or 

(b) Fn docs not converge to an ideal triangulation of H. 

In both cases we are allowed to further normalize the sequence Vn to vanish at 
any three points on R by adding a quadratic polynomial. 

Assume we are in the case (a). Then the sequence s„ of infinitesimal shear 
functions has a convergent subsequence in the weak*-topology (if we consider s„ as 
functions on the space of geodesies on H). Without loss of generality, we assume 
that s„ converges to s* as n — )■ oo. The support of s* is F* . Moreover, s* satisfies 
property pI7|) in each fan of F* because the values of s* in each fan of F* are limits 
of the values of s„ on the fans of Fn (and all s„ satisfy property pO]) with the 
same constant). Note that all shears of F* arc because it is the limit of Fn whose 
each shear is 0. Thus F* is the image of the Farcy tessclation under a Mobius map 
B* e PSL-i^R). By Remark 14. 6( the infinitesimal shear function s* determines a 
continuous vector field T^* : R -> R. If the sequence Vn pointwise converges to V* 
then we get a contradiction with |y„[Q*]| oo because < oo 

as n — >■ oo. 

To obtain a contradiction in the case (a), it is enough to prove the convergence 
of Vn to V*. By Remark we have 

for X e R, where Fq is the set of vertices of F* . The convergence is absolute and 
uniform on compact subsets of R. Recall that each V* is normalized to be zero 
on the vertices of A„ := B„(Ao). Let A* be the limit of A„. If the sequence A„ 
does not converge, then we normalize Vn to be zero on the vertices A^ such that 
the sequence A^ converges. We denote the normalization of Vn by Vn again and 
A^ by A„ for simplicity of notation. Then we normalize V* (x) to be zero at the 
vertices of the complementary triangle A* of F* by normalizing each V* to be zero 
at these points. 

Given a compact subset K oi Ti and an e > 0, there exists finitely many 
Pi,P2, ■ ■ .,Pk & Fq such that 

fc 

(13) \v*{x)~Y.KM<^ 

i=l 

for all X G K. To sec this, consider the sequence of all fans F*^ which intersect all 
rays from the center of A* to x G K . Given c? > 0, there exists k such that the 
support of V*. ioi i > k has length smaller than d. (This was established for the 
Farey tesselation F and the proof is similar for F*.) The lefthand side of (|13p is 
less than 

oo oo 

(14) E K*M\<c' E 

i=k+l i=fc+l 

where C is given in the last paragraph in the proof of Proposition l4.3l The estimate 
([TH)) follows for k large enough. 

For each fan F*., i = 1, 2, . . . , fc, there exists a sequence of fans {{Fn)pn}neTS! 
which converges to F*. as n — s- oo such that the functions Sn|(j^„)p„ converge in the 
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weak* topology to Soo\t'.- We have 

k oo oo 

\vux)-Y,m,.ix)\< i(K)p.-(^)i<c„ Yl 

4=1 i=k+l i=k+l 

where Cn is the constant corresponding to Vn similar to the above. 
Note that {C„}„gN is a bounded sequence. Then 

k 

(15) |F„(x)-^(K)pK^)I <e 

i=l 

for all X K and n large enough. Thus k can be chosen simultaneously for V* and 
all Vn, n E N depending only on e > 0. 

By (fT3| and (fTSll . it is enough to prove that {Vn)p'^{x) — !• V*.{x) uniformly for x 
in the compact subset of R as n — > cxj. Note that and V^* are Zygmund 

vector fields with uniformly bounded cross-ratio norms and the supports of (Ki)pi 
on R converge to the support of V*.. Thus the uniform convergence of (Ki)p" 
to V*. follows from the pointwise convergence on a dense subset of the compact 
subset K oiTi because {(V^)p"} is a normal family. On the other hand, the weak* 
convergence of s„|(jr^)^„ to Soo\j^*, implies that converges pointwise to V*., 

when (T4i)p" are normalized to vanish at the vertices of the triangle A„ in J>j with 
A„ — > A* as n — oo. Thus Vn converges uniformly to V* on K and case (a) is 
finished. 

It remains to consider the case (b). The sequence J^n has a convergent subse- 
quence in the Hausdorff topology on closed subset of H. Without loss of generality 
we assume that the whole sequence Tn converges to a subset J^* of the space of 
geodesies of H. The limit T* of J-n is a geodesic lamination of H because each Tn 
is a geodesic lamination. Moreover, is not empty because there is a bounded 
neighborhood of the imaginary unit i S H which has to intersect an edge of J^n 
(since complementary triangles of J^n cover H and there is a positive upper bound 
on the distance of points inside an ideal triangle to its boundary). If has a 
non-empty complement, then the connected components of the complement consist 
of ideal triangles because the connected components of the complement of Tn are 
ideal triangles. However, if a connected component of the complement of J"* is 
an ideal triangle then J-"* contains all the images of the triangle under the group 
of isometrics of H generated by inversions in the sides of the triangle. This im- 
plies that is an ideal triangulation which contradicts the case (b). Thus is 
necessarily a geodesic foliation of H. 

Let I be a leaf of the foliation T* which contains i g H and let A„ be a comple- 
mentary triangle of Tn which contains i S H. Two boundary sides of A^ converge 
to i as n — ^ oo. Let p„ € R be the common endpoint of the above two boundary 
sides. Recall that 

Vn := iBnTiWn) 

with 

|14[Q1I ^00 

as 71 GO. By Proposition 14. 31 and Remark 14.61 we have 

Vn{x) - (K) Pre i-'^) + p' (•'^)- 

P'6(Sr.(Q)\{p„}) 
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Note that Vn vanishes at vertices of i3„(Ao), where Aq is the ideal triangle with 
vertices 0, 1 and oo. We normalize Vn by adding a quadratic polynomial such that it 
vanishes at the vertices of A„ , where two boundary sides of A„ converge to I e . 
We denote by the normalized vector field. Then we have 

where each (Ki)p' is defined to vanish at the vertices of the triangle A„. Note that 
Sn = tnO is the infinitesimal shear function of and Vn- Since the cross-ratio 
norm is invariant under the addition of a quadratic polynomial, we have 

as ri — >■ oo. 

Since the reference triangle A„ converges to a single geodesic it follows that 
all geodesies of J-n except the geodesies in the fan with tip Pn have the supremum 
of their Euclidean sizes going to zero as n — >■ oo. Then, similar to the proof of 
Proposition 14.31 we have 

oo 

p'e(s„(g)\{p„}) '=1 

with a{n) — > oo as n — > oo. Thus J2p'eiB (Q)\{p }) l(^")p'(''-)l arbitrary small 
when n is large. By Proposition 14.21 {VnYp^ix) are Zygmund bounded with the 
cross-ratio norms independent of n. We further normalize (Ki)^ (a:) by adding a 
quadratic polynomial qn{x) such that (Vn)p^{x) := (VnYp^ix) + qn{x) vanishes at 
0, 1 and oo. It follows that {(Ki)p„}neN is a normal family. Thus there exists a 
subsequence of {(Ki)p„}neN which converges uniformly. Without loss of generality, 
we assume that converges to a continuous function 1//' uniformly on compact 

subsets of R. 

Define V^' := V^ + qn- Then V^' — >■ VJ,' as n — >■ oo uniformly on compact subsets 
of R by the above discussion. This implies that \Vn[Q*]\ = \V,[[Q*]\ = \V,['[Q*]\ 
IK."[<3*]| < oo as n oo. This contradicts ^ oo as n oo. Thus case 

(b) cannot occur as well. It follows that the sequence {Ki(a;)}neN has uniformly 
bounded Zygmund norms. □ 

End of the proof of Theorem \4-l\ Proposition 14.31 states that s is induced by a 
continuous vector field V. Proposition 14. 71 states that V is Zygmund bounded with 
the Zygmund constant depending on the constant C in (|10p which finishes the 
proof. □ 

The proof of the above theorem also establishes the uniform convergence prop- 
erty of the series defining the Zygmund vector field in terms of the infinitesimal 
shear function s : ^ R. The series giving the vector field corresponding to the 
infinitesimal shear function s : R is defined by adding over all fans vector 

fields corresponding to the fans which is a particular order of the summation of the 
series of elementary shear vector fields for s. This is analogous to the convergence 
of the Cesaro sum of the Fourier series of continuous functions on S'^(see [Tl]). 

Note that there exist continuous functions on the unit disk whose Fourier 
series does not converge at a single point of S^. Similarly, the series V{x) = 
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Se=(a &)gJ!=' K^)X[a,b]{x) — -, where X[a,b] is the characteristic function of the 
interval [a, b], does not necessarily converge on R\Q because the infinitesimal shear 
function s does not induce a bounded measured lamination in the sense of Thurston 
(see [3^, [28]). Thus we need a summation method similar to the situation for the 
Fourier series which is given in the following corollary. 

Corollary 4.8. Let s : J- ^ H be a shear function which satisfies ilO\) in each fan 
of T . Then the series defining the corresponding vector field 

vix) = J2 M^) 

converges absolutely and uniformly on compact subsets o/R, where Vp{x) is the vec- 
tor field corresponding to s\j^^. The term Vp{x) is a piecewise quadratic polynomial 
except at the tip p. Moreover, we have 

k oo 

\v{x)-j2yM\<cY.'^-'^ 

i—l i—n 

where 6 = log(l + V2)^, C is a function of the constant in UO]) and {pi, . . . ,pk} 
are all Farey number of order at most n. In addition, the Zygmund norms ofV{x) 
and X]i=i ^Pii^) f'^''" G N are bounded by constant M{C), where C is the constant 
from (03). 

5. The Hilbert transform in shears 

Let : R ^ R be a Zygmund vector field on R and let s : — > R be the 
corresponding infinitesimal shear function. We use the formula 

V{x) = (^) 

to find the Hilbert transform of V in terms of the corresponding infinitesimal shear 
function s, where the order of the summation is given by increasing Farey orders of 
tips p € Q. Recall that the fan Tp with tip p is enumerated by {e„}„gz such that 
the initial point of eg is p and the terminal point of ei is p, where e„ is oriented 
to the left as seen from the reference triangle Aq. We define the tip-p infinitesimal 
shear function Sp : Fp ^ {e„}rieN — > R by setting Sp(e„) := ii(e„). Thus Sp 
satisfies (|10l) with the constant ^C, where C is the constant of s. Therefore 

^p(^) = X! ■'p('^")^(a„,b„)(a;) 

nGZ 

is Zygmund bounded with the cross-ratio norm bounded independently of the fan 
!Fp, where e„ has initial point a„ and terminal point &„, and V(^a„,b„) is the elemen- 
tary shear vector field defined in section 3. 

Since Vp is Zygmund bounded, it follows that the Hilbert transform HVp is well- 
defined and also Zygmund bounded (see [36], [10], [H]). Moreover, the cross-ratio 
norm of HVp is bounded in terms of the cross-ratio norm of Vp. 

We first give a lemma which facilitates various convergence arguments in the rest 
of the paper. 
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Lemma 5.1. Let V^i : R — > R, for 71 G N, and : R — > R fee Zygmund bounded 
vector fields on R normalized to vanish at 0, 1 and 00. Suppose that 

Vn{x) ^ V{X) 

as n —> 00 uniformly on compact subsets 0/ R and that the sequence {T^}„eN ho-s 
uniformly bounded cross-ratio norms. Then 

H{Vn){x) ^ H{V){x) 

as ri —> 00 uniformly on compact subsets of R. 

Proof. Recall that the Hilbert transform of V{x) is given by 

HV{x) = -- lim \ r ' _ ^i^— iI--F(C)dC + r ../^"""^^ , V{Oc 

Since V, V„ are normalized Zygmund vector fields with uniformly bounded cross- 
ratio norms, it follows that there exists M > such that |y(x)|, \Vn\ < M\x\ log |a;| 
as |a;| ^ co (see [U). Consequently, ^j^^j^^^V {QdC, ^j^^^^^Vn{C)dC, 

/-f c(C-iKC-^) ^('^)^'^ ^'^'^ /-<^ c(C-i)"(C-:^) ^"('^)^'^ ^'^'^ °^ o(i?-") for 

some < a < 1 (see [11]). Since converges to V uniformly on compact subsets 
of R, it follows that (for a fixed e > 0) 



ac-m-x) 7.+.c(c-i)(c-a;) 

as 71 — > 00. 

To finish the proof, it is enough to show that for any S > there exists e = 
e((5) > and uq = 7io((5) G N such that 

(16) P-v. ^^'^^^-i^[y(c)-K(C)]dC <S 

Jx-e C(C-i)(C-a;) 

for all 71 > 77,0 . 

Let V and be the Bcurling-Ahlfors extensions to H of and Vn respectively 
(see [U]). The 5-derivatives fi and of V and are Beltrami differentials on H 
corresponding to the vector fields V and T4,(see [TS], [H]). The vector fields V and 

have uniformly (in 77) bounded cross-ratio norms which implies the existence of 
a constant S > such that ||/i||oo, IIMkIIoo < S for all 7i G N. Since Vn converges to 
V uniformly on compact subsets of R, it follows that Vn converges to V uniformly 
on compact subsets of H U R when considered as a subset of C. Stoke's theorem 
gives 

x{x-l) ff x{x-l)fi{£,) 

^^^^ Jx-e C(C-l)(C-a;) JJD,{x)^i^-^)i^-x) 

'" x{x — 1) 



where fi = dV, D^{x) is the upper half-disk with center x and radius e, and C^{x) 
is the circular part of the boundary of D^{x). A similar equation holds for Vn. 
By ([TT]). to prove it is enough to prove that 

x{x ~ l)/i„(C) 



(18) 



D,{x) 



d(dT] 
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as e — >■ uniformly in n e N, and that 

(19) / .,/^n7/^ j ne)-K(eM^o 

Jc,(x) C(4 - -2;) 

as ri — > 00 for all e < 1. Since ||/^n||oo < S, and the expression g^^^^^^"^^!^^ has a 
simple pole at x, and the area of D^{x) goes to zero as e — ?> 0, we obtain (|T8| . 
To obtain ([T9| , we change the variable = x + ee^'^ to obtain 



^ \V{x + ee^-)-%,{x + ee^^)] ^^^^ ^ 

[V{x + te^^) -Vn{x + ee'^)] , 

— ~^ — ^dip 

(x + ee'¥')(x - 1 + ee"^) 

The last integral converges to zero because ^ V uniformly on compact subsets 
of H U R. □ 

In the following theorem we decompose the Hilbcrt transform HV into an infinite 
sum of the Hilbcrt transforms HVp for p G Q analogous to Corollarv l4.8l The main 
tool in the proof is Lemma 15.11 

Theorem 5.2. Let 1/ : R — >■ R &e a Zygmund vector field on R and let s : J- ^ H 

be the corresponding infinitesimal shear function. Then the Hilbert transform of V 
is given by the series 

HV{x) ^ ^ HVp{x) 

where HVp is the Hilbert transform of Vp and Vp is defined as above using the shears 
in the fan J- p. The series converges uniformly on compact subsets ofR. 

Remark 5.3. We point out that the uniform convergence of the series is strong 
property because the Hilbert transform is given by the principal value of an im- 
proper integral. Moreover, the infinitesimal shear function has variable sign which 
further complicates the convergence. On the other hand, it seems that the se- 
ries does not converge absolutely. One should also note that the "naive" series 
HV{x) ^ J2e={a,b}eT ^i(^)^^{a,b){x) docs not converge, where HVt^a,b)ix) is given 
by (0), 0, ®, or ®. 

Proof. Let Vn{x) = X]i=i ^pii^) such that {pi,p2, ■ ■ ■ ,Pk} is the set of Farey num- 
bers of order at most n. Then Vn converges to V uniformly on compact subsets 
of R by Corollary 14.81 Proposition 14.71 states that each Vn is a Zygmund vector 
field with uniformly bounded Zygmund norms. The theorem follows from Lemma 
O □ 



We compute the Hilbert transform HVp of Vp in terms of shears. 

Theorem 5.4. Let Sp : J-p — > R &e a shear function that satisfies \10^ in the fan 
^p = {£n}nGZ dnd let Vp be the induced vector field. Then 

HVpix)^ E ' 

)H{Ve„){x) 
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where Ve„ is the elementary shear vector field for the geodesic en oriented to the 
left as seen from the reference triangle Aq . 

Proof. Wc divide the proof into two cases p = oo and p ^ oo. 
Assume first that p = oo. We have 

VUO = Soo(l)(C - 1) + .5oo(2)(C - 2) + • • • + 

^ ^ +soo(»)(c - = ( ■soo(^))c - ispoji) 

i=l i=l 

for l<n<C<n+f, we have 
for < C < f , and we have 

VooiO = Sco(0)C + Soo(-l)(C + 1) + • • • + 

+Soo{~n){C + n) = Sooi-i)jC + ^iSooi-i) 

i=0 i=0 

for -n - 1 < C < -71 < 0. 

Since Voc is a Zygmund map, it foUows that H(Vca) exists and it is also a 
Zygmund map. Thus 

1 f" x(x - 1) 

J^n C(C- 1)(C- 

as n — >■ c» for each a; € R. Define 

Voai^), for — n < X < n 

(21) V^{x) = l (Er=iSoo(*))a;-Er=i«Soo(«), fora;>n 



It follows that 



" J-,. CK - i)K - 1) " " J-„ CiC -!}{(- 1) 

Since the Hilbert transform is given by an integral kernel, it follows that 



To finish the proof of the theorem in this case, it is enough to show that 

T/" (OdC 

V^iOdC^Q 



and 

x{x~l) 



ac-m-x) 

as n — >■ 00. 

Using elementary computations, we obtain 

x{x — l) 



(22) . (Er^^„^^(o)c-Er^-„»^^(^) 

(EL-n ^oo(0)O(i) + (E:L_„ ^ioo(»))0(;^) 
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If the tip-oo infinitesimal shear function which satisfies ([T0| in addition satisfies 

n 

(23) 51 ^°°(^) 

i——n 

then 

n 

i— — n 

and the quantity p2|) converges to zero as n — ?> 00. Thus, to finish the proof that 
In' C(c'-i){C-3:) iC)dC as ri — !• cx) it remains to show ([23)) which is done in 
Lemma [531 below. The proof of ■^j^zjj^^zi^^^iO'^C — > as n — > 00 is similar 
and left to the reader. This finishes the proof for p — 00. 

Assume that p = and let J-q = {e„}„gz be the fan with tip 0. Then ei = (0, 00) 
and e,i = (0, ^;^) forn e Z \ {!}. Fix n e N. We have 



K,"(C) = s(eo) 



C(C-i) 

1 



+ s(e_i) 



H \- s(e_„+i) 



C(C-i) 



for < C < A short computation gives 

n n 
i=l i=l 

for < C < -■ 

By the above and by Lemma (|5.5p . we get that 

|^o"(C)l<o(n^)C'+o(n)C 

for < C < ^- Then 



l/r; 



as 71 —> 00. Similarly 



^o"(C) 



ac-m-x) 



0(77,)- 



-i/„C(C-l)(C-a;) 

as Ti — s- 00. This implies H{V^'') H{Vq) as n — s- 00. 
Assume that p 7^ 00, 0. Wc have that 

1^7(01 <o(7i2)(C-pf+o(n)|C-p| 

because the vector field is the push-forward by a Mobius map i? : 1— > p of the 
vector field Vq". The argument that 



C(C-l)(C-a;) 







as n — > cxj proceeds similarly as the case p = when x = p, and it is even easier 
when X ^ p because the integrand docs not have a singularity for n large. Thus 
H{V;') -> H{Vp) as 71 -> 00. 

We obtained that H{Vp) H{Vp). Since H{Vj^){x) = EL-n Sp(eO^(^eJ(a;) 
the theorem follows. □ 
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Lemma 5.5. Let s : J- ^ H be a shear function which satisfies liOj) in a fan 
{e„}„ez. Then 

i=k 

for each fc G Z. 

Proof. Let oq = s(efc) and = flj-i + s{ek+i) + s{ek-i) for i > 1. Then the 
condition PU)) becomes 

(24) |-(ao + ai + ••• + a„_i)| < C. 
From (ITUl) we also obtain 

(25) |a,-a,_i|<2C 

for alH > 1. The statement of the lemma translates to a„ = o{n). 

Assume on the contrary that there exists a sequence i„ — > oo as n — >■ oo and a 
constant A: > such that 

\aij > kin 

for all n. Without loss of generality, we assume that 

O-in ^ kin 

and seek a contradiction. By ((25|) . we get that 

O-in+l ^ 0-i„ ^ 2C > kin — 2C 
(-2g) ai„+2 > ai„ - 4C > fci„ - 4C 

ai„+j ^ Q-in — 2jC > /cin — 2jC 
for some j E Z. Adding the inequalities in (|26p . we obtain 

ao + ai H 1- ai„ + ai„+i H 1- ai„+j > kinj - j{j + 1)C - Cin- 

If j = then 

1 ^ , ^ kinj j{j + 1) „ j„C 

(ao + ■ ■ ■ ai +j) > C > oo 

»n + J «n +J hi+ J hi + J 

as 7T, OO. This is in a contradiction with ([M)) . □ 

6. Recovering the shears 

We gave a formula for the Hilbert transform of a Zygmund vector field in terms 
of the corresponding infinitesimal shear function (see theorems 15.21 and I5.4p . We 
describe below how to obtain the infinitesimal shear function s corresponding to a 
vector field F : R — > R. 

Let a,b,c,d £ R (given in the counter-clockwise order) be four vertices of an 
ideal hyperbolic quadrilateral which is decomposed into the union of the triangle 
with vertices a, b, d and the triangle with vertices b, c, d. Then the value of the shear 
function s on the geodesic (6, d) with respect to the above two triangles is given by 
(see mi) 

/f,y\ c — d — a 

^ ' Y{b) - V{a) V{d) - V{c) 

b — a d — c 
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Formula ([27| is the first variation of the cross-ratio 

(c"6)(d-a) 



cr{a, b, c, d) 



{b-a){d-c) 



where a,b,c,d G R are given in the cyclic order on R. For this definition of the 
cross-ratio, 

log cr(a, b, c, d) 

is the shear on the geodesic (5, d) considered as a diagonal of the quadrilateral with 
vertices a, b, c, d. 

Using the equation ((27|) and theorems 15.21 and 15. 4[ we immediately obtain 

Corollary 6.1. Let s : — >■ R &e the shear function of a Zygmund bounded vector 
field on R. Then the infinitesimal shear function 

H{s) : J"^ R 

of the vector field H{V) obtained by taking the Hilbert transform of V is given by 
(28) 

H{sm, d)) = E,eg E„ez ^.(e.) [ "^"-^^tf + H,v.,,m-_Hiv.^m 

g(Ve,J(b)-g(V-.„)(a) _ g(Ve„)(d)-g(Ve„)(c) 
h—a d—c 

where (5, d) Cz J- is the common boundary side of the two complementary triangles 
of T with vertices {a,b,d) and {b,c,d), and e„ is a geodesic of the fan Tp oriented 
such that p is the initial point of e„ for n > 1 and p is the terminal point of e„ for 
n < 0. 

The above computation of the infinitesimal shear function H{s) can be given 
in terms of the hyperbolic geometry of the underlining tesselation T. Namely, let 
(0, oo) be the geodesic e„ and let (6, d) be the geodesic whose shear H{s){{b, d)) we 
want to compute. Let a and c be the other two endpoints of the ideal quadrilateral 
inH\(^\{(6,d)}). 

Assume first that a,b,c,d ^ {0,c»} and let Vb.oo be given by (HJ. Then the 
contribution of 77(Vb,oo) to H{s){{b, d)) is 

b , ,c, d ^ ,d, b ^ ,b , d ^ .d. 
■log III + 3 log|-| - 7 log|-| - log 



c ~ b b d—a a b — a a d—c c 
We write the above expression in terms of the cross-ratios as 

cr(0, oo, c, b) log |cr(0, 6, oo, c)| + cr(0, oo, a, d) log \cr{0, a, oo, d)\ — 
^ ^ cr(0, oo, a, 6) log |cr(0, a, oo, 6)1 — cr(0, oo, c, d) log |cr(0, 6, oo, c)|. 

Let Sa,d be the hyperbolic distance between (0,oo) and {a,d), and similarly for 
Sa,b, ^ti,c, Sc,d- Then the expression (|29p can be written as 

sinh^ f %) log coth^ f %) + cosh^ f %^) log coth^ f %^ 



cosh^ (~2^) logcoth^ (~2^) ^ (~2^) l°g'^°*l^^ (~2^) 
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If a = and b,c,d ^ {0, oo}, then by similar reasoning we get that the contribu- 
tion is 

sinh^ (^) logcoth^ (^) +logcoth^ (^)- 



(31) 



cosh (^^jlogcoth 



If (i = cx) and a,b,c ^ {0, oo}, then the contribution is 

(32) sinh^ (^) logcoth^ (^) - cosh^ (^) logcoth^ 
If a = and d ^ oo, then the contribution is 

(33) cosh2f%)logcoth2^^^ 



2 y ° V 2 

If 6 = and d = oo, then the contribution is 

(34) logtan2(0,,,) 

where 9a. c is the angle between geodesies (0, oo) and (a, c). 

Note that all the contributions to H{s){{b,d)) are expressed in terms of the 
invariants for the positions of the geodesies with endpoints a, b, c, d, 0, oo and they 
remain in force when the geodesic (0, oo) is replaced by an arbitrary geodesic. Thus 
we obtain 

Corollary 6.2. Let s : J-" — > R fee the infinitesimal shear function of a Zygmund 
bounded vector field V on R. Then the infinitesimal shear Junction 

H{s) : J"^ R 

of the vector field H{V) obtained by taking the Hilbert transform of V is given by 

(35) H{s){{b, d)) - 51 E ^(en)A,,d(e„) 

where (b, d) € J- is the common boundary side of the two complementary triangles 
of J- with vertices {a, b, d) and {b, c, d), and Cn is a geodesic of the fan J-p oriented 
such that p is the initial point of e„ for n > I and p is the terminal point of e„ for 
n<0, and Ab,d{en) is one of the expressions fgO)) . ^3l\) . l3^] 133^) . (3^ depending 
on the relative positions of (a, b, c, d) with respect to €„ . 

7. Fourier coefficients and infinitesimal shear functions 

Let y : S*^ — > C be a Zygmund bounded vector field on the unit circle of . 
Let F be the Farey tesselation of the unit disk D which is obtained by taking the 
image of the Farey tesselation of H under the Mobius map i? : H — D which maps 
0, 1 and oo onto 1, i and —1. In this section, V is normalized to vanish at 1, i and 
— 1. The infinitesimal shear function s : — > R corresponding to V satisfies the 
property (jlOp since all the considerations arc geometric. 

We express Fourier coefficients of a Zygmund bounded vector field V on the unit 
circle in terms of its infinitesimal shear function defined on the Farcy tesselation 
. Parametrize by associating to each point z £ its angle (jj = arg(z), where 
(j) S [0, 27r]. Then, for (pQ < <t>i, the elementary shear vector field is defined by 

(z-e''''C))(z-e'*i) r , ^ ( \ ^ 1 



^00,01 (2) 



0, otherwise 
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Given a fan T-p with the tip p G 5^ of the Farey tesselation in D, denote by 
the vector field corresponding to a infinitesimal shear function which agrees with 
ifi on and which is zero on J-\J-p, and Vp is normalized to be zero at 1, i and 
— 1. Namely, 

Corollary 14.81 implies that 

V{z) = Y ^p(^) 

where J^" is the set of all vertices of T and the convergence is absolute and uniform 
onS\ 

An elementary integration gives the n-th Fourier coefficient V,j,g^^-^{n) of V^Q^cf,-^ 

as 



1 



gi(2-n)0i _ gi(2-n)0o 



X- + e'(^°+*^)^ f 

i(l — n) —in 

We have the following theorem. 

Theorem 7.1. Let V : C be a Zygmund veetor field and let s : J- ^ R be the 

corresponding infinitesimal shear function. Then the n-th Fourier coefficient V(n) 
of the vector field V is given by 

V{n) = Y 
where the convergence is absolute and 

Proof. Since X^peJ^" ^pi^) is converging uniformly on to V{z), the first formula 
of the theorem is immediate. By Lemma l5.5l and the proof of Thcorcm l5.2[ we have 
that in a neighborhood of p is increasing to infinity slower than the distance 

to p. This implies that the second formula of the theorem holds. □ 

8. The almost complex structure for Teichmuller spaces of finite 

surfaces 

Let S* be a finite area hyperbolic surface with s > punctures. The hyperbolic 
plane H is the universal covering of S such that the covering map tt : H — > S* is a 
local isometry. Let G be the group of deck transformations and let r be a locally 
finite ideal triangulation of S. Then r lifts to a locally finite ideal triangulation f 
of H which is invariant under G. 

The Teichmuller space T{S) of a Riemann surface S is the homotopy class of 
all marked hyperbolic surfaces / : 5 — > X up to post-composition by hyperbolic 
isometries. We denote the Teichmiiller class of / : 5 -> X by /]. The Te- 
ichmiiller space T{S) maps into the space of functions from the set of geodesies |t| 
of the triangulation t into the real numbers R as follows. Let ci, . . . , Cs be the set 
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of punctures of S. Given a marked hyperbolic surface f : S X , we replace each 
curve in |/(t)| with the geodesic of X homotopic to it relative punctures. We ob- 
tain an ideal geodesic triangulation of the marked hyperbolic surface X homotopic 
to /(t). Then we assign to the marked hyperbolic surface X the function from |t| 
into R which maps each edge of r to its shear with respect to /(t). In this fashion, 
we obtain an injectivc map 

T{S) rI^i 

which is a real analytic diffcomorphism onto its image (see [30], [12] )• The image of 
T{S) consists of all functions s : |t| — > R such that for each puncture q, z = 1, . . . , s, 
we have 

where j = 1, . . . , fc(i), is the set of geodesies from r having an ideal endpoint the 
cusp Ci such that a single geodesic appears twice if and only if both of its endpoint 
are Ci. 

A tangent vector to T{S) at point [X, f] e T{S) is also described by a function in 
RI"^! as follows. Namely, a differentiable (in t) path of shear functions st : |t| R, 
t G (— e, e), such that sq : |t| — > R equals the shear function of [X,f] describes a 
differentiable path in T{S) through the point [X,f]. The derivative 

^St|t=o = s : |r| ^ R 

represents a tangent vector v € T[x.f]T{S). In general, a function s G R'"^' repre- 
sents a tangent vector at T[x.f]T{S) if and only if for each puncture q it satisfies 

^i(e-) = 

i=i 

where e^' , j — 1, . . . , fc(i), is the set of geodesies from t having an ideal endpoint 
the cusp Ci with possible repeating if both ends are at the same cusp as before. 

Lift the triangulation r of 5* to a triangulation f of H. We normalize the covering 
map such that f contains the geodesic (0, oo) and denote by a_i < the endpoint 
of the geodesic in the fan of f with tip oo adjacent to (0, oo) on the left. We choose 
the complementary triangle Aq with vertices 0, a_i and oo to be the reference 
triangle for f and orient all geodesies of f to the left as seen from Aq. Given a 
vertex p S R of f , let {e^}„gz be the set of edges of f which have one endpoint p 
such that is adjacent to e^_^_l for all n G Z, and that Cq has the initial point p. 
The set {efj}„gz = Tp is said to be a fan of r with tip p. Then, a map 

S : |f| ^ R 

represent a point in T{S) if and only if s is invariant under G and for each vertex 
p G To we have 

n(p) 

1=1 

where e^+i is identified with e^_^^^^^_^-^ by an element of G and j G Z is arbitrary. 
We choose n[p) to be the smallest positive number such that e^+i is identified with 
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, ^ \ , 1 by an element of G. A function 

s : |f I R 

represent a tangent vector to a point in r(S') if and only if S is invariant under G 
and for each vertex p € tq we have 

n(p) 

E ^(-^+.) = 

where eF;,^ is identified with e^. , / s , , by an clement of G. and again we assume 

that 7i(p) is the smallest such number. Note that s defines a tangent vector at an 
arbitrary point of T{S). 

Our goal in this section is to compute the Hilbert transform in terms of s : |-r| — > 
R. Let Ao be the reference complementary triangle to f whose ideal vertices are 0, 
fli and oo. Let {ejf }„gz be the fan of f with tip oo such that cq has initial point 
oo and terminal point 0, ei is to the left of eg and e„ is adjacent to e„+i for all 
n G Z. Let a„ be the endpoint of e„ different from oo. Let Voo be the vector field 
normalized to be zero at 0, ai and oo whose shear function agree with s on foo 
and equals zero on all other geodesies of f. The lemma below proves that Vqo is a 
Zygmund vector field. 

Lemma 8.1. Let n > 1 be a fixed integer and let s : foo — >■ R 6e a function such 
that 

and 

j+n-l 

(37) J2 %r) = o 

for all j e Z. LetsN : foo — ^ R &e defined by S]^{e°°) = s{e°°) if—Nn <i< Nn—1, 
and S]\[{ef°) = otherwise. Let be the vector field corresponding to s^r and let 
Voo be the vector field corresponding to s. Then Voo (ind are Zygmund vector 
fields whose Zygmund constants are bounded by some C3 > for iV G N. 

Proof. Let g[x) = x + k, for A: > 0, be a generator of the subgroup of G fixing 
00. Then we have a; + fc = for all i G Z by the invariancc of f under G. 

We normalize Voo and V^ to be zero on the interval [a_i,ao = 0]. By ([57]) . the 
contribution of 

s(eg°)(a; - ao) + s(e?°)(a; - ai) H h s(e^_i)(x - a„_i) 

is equal to 

n-l 

(38) - ^ ~s{er)a.. 

i=0 

Moreover, for j > and j = mod n, we have 

n— 1 n—1 . n— 1 

(39) Her+^)i^ - = E - = - E ^'(^r')". 

because s(e°^j) = s(e°°) and aj+i ~ ai + by the invariancc of s and f under G. 
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If J < and j = mod n, then, in a similar fashion, we obtain 

n—l n—1 

i=0 1=0 

Define 

io io 

C= max{ sup | ^ S(e°°)(a- - a,)| + sup | ^ S(e!?J(x - a_,)|} 

The above estimates give that 

(40) \Voo{x)\<C+^-^C, 
and 

(41) \V^{x)\<C + C^N 
for all X G R, where C is defined above and 

n — 1 n — l 

Ci = max{| ^ i(er)«d, I E He-^-l)a-^-l\}. 

i=0 i=0 

Wc show that V"oo(a^) and V^{x) are Lipschitz continuous with the constants 
bounded independently of N. Let x e R and t > 0. By adding a linear term 
and by the invariance of Voo{x) under the action of g{x) = x + k, we assume that 
< a; < fc. 

If t < fc, then an easy argument shows that 

\V^{x + t)-V^{x)\,\Voo{x + t)-V^ix)\<C2t 

and 

\V£{^) -V^{x-t)\, \Voo{x) -Voo{x-t)\< C2t, 

where C2 = max{l,X;r=o^ |s(er)l}- 

Assume that t>k. Then dto]) and (jH]) imply that 

\V^{x + t)- V^{x)l \V^{x + t)^ Ko(x-)| < 2^^^^t 

and 

\V^{^) - V^{x - t)l iKo(x) ~V^{x~t)\< 2^^^^i, 

rN 



where Ci , C2 are as above. This implies that Voo and Vj^ are Zygmund bounded 
with bound C3 = 4(^j4^ + C2). □ 

Since Voo and have their Zygmund norms bounded independently of N, it 
follows that their cross-ratio norms are uniformly bounded as well. Let f° be the set 

T-^ TT 7-1-1 r^-V*^ T/^^^ 



of vertices of f. This implies that Vp and Vj^ are Zygmund bounded with Zygmund 
bounds independent of N for all p G t", where Vj^,Vp are defined analogous to 
V 



Theorem 8.2. Let S be a finite area punctured hyperbolic Riemann surface equipped 
with an ideal geodesic triangulation t . Let f = {e„}„gN be the lift to the hyperbolic 
plane H o/r and let {Ve„}neN be the elementary vector fields corresponding to the 
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geodesies Cn off. Let V{x) be a Zygmund vector field on R representing an infin- 
itesimal deformation of S and let s : f ^ R be the corresponding shear function. 
Then the series 

(42) ^S(e„)K„(x) 

nGN 

converges to V{x) uniformly on compact .subsets of R. 

Proof. Wc follow the idea in the proof of Theorem 14.11 Let {Pijjgq be the set of 
vertices of f . There exists d > 0, such that for any two fans fp^ and fp^ which do 
not have a common geodesic the minimum distance between the geodesies of fp^ 
and is at least S. This is a direct consequence of the invariance of f under a 
co-finite group G. 

Let / C R be a closed, bounded interval in R. For x G I, let r^ denote a geodesic 
ray that connects isHtoxS/cR. Given e > 0, there exists a finite set of 
tips {pi, . . . ,ps} C f°, s = s(e), such that if a geodesic of the fan with a tip p € -r° 
intersects r^ for some x € I then either all geodesies in fp have their Euclidean 
lengths less than e, or p £ {pi, . . . ,ps} and all fans whose geodesies intersect r^ 
before the geodesies of fp are also in {pi, . . . ,ps}. Let n{pi) stand for the number 
of elements in fp. that form a fundamental set for the action by the subgroup of G 
that stabilizes pi. There exists N = N{e, s) S N such that all geodesies e^' of fp^, 
i = 1, . . . ,s, for either j > Nn{pi) or j < —Nn{pi) have their Euclidean sizes less 
that e. 

By our construction, the sum 

agrees with V{x) on an e-net for /. Since the Zygmund norms of each are 
uniformly bounded for p £ f^ and N £ and since the ideal triangulation has 
positive minimum distance between geodesies of two disjoint fans, it follows that 
the above sum converges uniformly on / to V{x) as e similar to proof of 
Theorem 14. II To finish the proof, it is enough to note that each is a finite sum 
of elementary shear vector fields Ve for e G f with the coefficients s(e). □ 

We use the above theorem to establish a formula for the Hilbert transform in 
terms of infinitesimal shear function of Zygmund vector field. 

Theorem 8.3. Let F : R — > R &e a Zygmund vector field which is invariant under 
a CO- finite group G and let f he an ideal triangulation ofH invariant under G. Let 
s : f — >■ R 6e the infinitesimal .shear function of V . Then the Hilbert transform 
H{V) is given by 

H{V){x) = Hen)H{VeJ{x) 

neN 

where {e„}„gN are the geodesies off given in a sequence and H{Ve ) is defined by 

m- 

Proof. We established that the quantity 

EC(-) 

i=l 
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in the proof of Theorem 18.21 converges uniformly on compact subsets of R and that 
each Vj^ is Zygmund bounded with uniformly bounded Zygmund norms. Then 
Proposition l4. 71 implies that i^) have uniformly bounded Zygmund norms. 

Then Lemma |5 . 1 1 implies that 

i=l 1=1 

as e — 0. The theorem follows because each is a fiite linear combination of 
simple shear vector fields. □ 

We also obtain an expression of the infinitesimal shear function for the Hilbert 
transform similarly to the case when Zygmund vector field is not invariant. 

Corollary 8.4. Let s : f — )■ R 6e the infinitesimal shear function of a Zygmund 
vector field V invariant under a co- finite group G, where f is an ideal triangulation 
o/ H invariant under G. Then the infinitesimal shear function 

H{S) : f ^ R 

of the vector field H{V) obtained by taking the Hilbert transform of V is given by 
(43) H{5)iib, d)) = s(e„)Ab,d(e„) 

neN 

where (&, d) G is the common boundary side of the two complementary trian- 
gles of T with vertices {a,b,d) and {b,c,d), f = {e„}„(=N; and Af,. ci(e,i) is one of 
the expressions i30\) . LSI]) . i32\) . I133\). ^34^ depending on the relative positions of 
{a,b,c,d) with respect to e„. 

9. The Weil-Petersson metric for Teichmuller spaces of finite 
surfaces in shear coordinates 

We described above the Hilbert transform on the tangent vectors to the Te- 
ichmiiller space T(S) of a finite area hyperbolic surface S with s > punctures. 
The Hilbert transform is the almost complex structure to T{S) (see [10] )• The 
Weil-Petersson metric gwp is Kahler [J], [33], [31]. The symplectic two form of 
the Weil-Petersson metric in the shear coordinates is simply given as twice the 
Thurston algebraic intersection form on the weights induced by the tangent vectors 
on the train track associated to the ideal triangulation r of S* ([S], see also [33], 
|23j). Therefore, we obtain the following formula in terms of shear coordinates. 

Theorem 9.1. Let S be a finite area hyperbolic surface with s > punctures and 
let T be an ideal triangulation of S . Given two infinitesimal shear functions 

Si,S2 f ^ K 

which represent two tangent vectors vi,V2 to the Teichmiiller space T{S) of S at 
the basepoint [S, id] , the Weil-Petersson inner product is given by 

9wp{vi,V2) = 2i{si,H{s2)) 

where H{s2) is the infinitesimal shear function of the Hilbert transform H{v2) and 
i{-, •) is the Thurston's algebraic intersection number between infinitesimal shear 
functions defined on r. 
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10. Continuous extension of the Hilbert transform and the 
Weil-Petersson metric to the boundary of the Teichmuller space 

Let S" be a finite area hyperbolic surface with s > punctures and let T{S) be the 
augmented Teichmiiller space of S' [1] , [5] , [351 . Our goal is to show that the Hilbert 
transform and the Weil-Petersson metric extend by continuity to the completion 
of T{S). Masur [18] proved that the Weil-Petersson hermitian metric continuously 
extend to the augmented Teichmiiller space T{S). More recently, Roger [27] showed 
that the Weil-Petersson symplectic two form on T{S) extends by continuity to the 
augmented Teichmiiller space T{S) using the shear parametrization of T{S) with 
appropriate degeneration of the ideal triangulation when the point is in T{S)\T{S). 
We show that the Hilbert transform in terms of the shears for T(S) extends by 
continuity to the augmented Teichmiiller space T(S). 

One description of the manifold structure on the augmented Teichmuller space 
T{S) is given in terms of the plumbing coordinates for a neighborhood of a point 
on the boundary of T(S') [1], [5]. Another description is given by extending the 
Fenchel-Nielsen coordinates for T{S) to allow the lengths of some of the closed 
geodesies of the pants decomposition to be zero [1], [5], [35]. Let a = {71, . . . ,7^} 
be a set of mutually non-homotopic, non-intersecting and non-trivial simple closed 
curves on S. Wc denote by S{(t) the set of all (marked) nodded Ricmann surfaces 
R obtained from S by pinching curves in a. Then the augmented Teichmiiller space 
consists of T{S) and S{(7) over all a as above. 

We use the plumbing coordinates for our purposes. Let i?t. < t < 1, be a path 
of marked Ricmann surfaces in T{S) such that its limit point i?* as t — ^ 1 is on 
the boundary of T{S) in 5(cr). Therefore R* is a nodded Ricmann surface with 
nodes corresponding to the curves of a. The path Rt is described by the plumbing 
construction in the neighborhood of the nodes in R* (see [18]). A tangent vector to 
R* on the boundary T{S) \ T{S) is represented by a (smooth) Beltrami differential 
ly which is supported on R* \ U, where U is the union of neighborhoods of nodes of 
R* which correspond to the curves in a. Then the Beltrami differential v on Rt\U 
represents tangent vectors at Rt G T{S) which converge to v on R* . We normalize 
the universal coverings TTt : H — )■ i?^ and tt : H — > i?* such that they map i € H 
onto a fixed point p G Rt\U = R*\U. Since the diffcrcntiable structures on Rt\U 
and R* \ U arc the same, we can further normalize ttj, tt such that they map a fixed 
tangent direction at z S H onto a fixed tangent direction at p. 

Let i>t = {iTt)*!^ and v = {tt)^,v be the pull-backs of 1/ by the universal coverings. 
The Zygmund vector fields Vt on R, corresponding to i>t converge pointwise on R, to 
the Zygmund vector field V corresponding to because i>t converges pointwise to v 
on H. The Zygmund norms of Vt, are uniformly bounded because ||i^t||ooi ||^||c« 
arc uniformly bounded. 

We describe the convergence of tangent vectors as they approach to the boundary 
of T{S) in terms of shear parametrization. We first recall the convergence of the 
path of infinitesimal shear functions corresponding to a path of points in T{S) 
that converges to a boundary point R £ S{(j) described by J. Roger [27]. Let 
A = {hi, /i2, . . . , hn} be an ideal triangulation of the punctured surface S. Consider 
the arcs hiO {S\ a) for i ~ 1,2, . . . ,ti. They divide the surface S\a into triangles 
and bigons [23 • We group the edges of A n (S" \ ct) into homotopy classes relative to 
punctures of S and to a. In this fashion an ideal triangulation /i = 32, ■ • ■ , g-n} 
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of S'\ o" is obtained. Let kij be the number of arcs of hj n{S\a) that are homotopic 
to gi. Then 

Proposition 10.1. Let Rt E T{S) for t E [0,1) be a path which converges to 
R* G S{(7) C T{S) as t — >■ 1. Let : A — R fee the infinitesimal shear function for 
Rt and let s* : /i ^ H be the infinitesimal shear function for R* . Then 



In otlicr words, the value s*(gi) is the limit of the sum of the values of St on the 
arcs of A n (5 n cr) which are homotopic to gi. 

Wc continue to work with the path Rt £ T{S) for t € [0, 1) which converges to 
R* e S{(t) a.s t ^ 1. Let Ut and u* be tangent vectors based at Rt and R* such 
that Rt — > R* and ut — > li* as i — > 1. Let Sf, st : A — > R and s* , s* : /i — > R be the 
infinitesimal shear functions for Rt, ut, R* and u* , respectively. Then the sum of 
St, St shears for the geodesies in A at each puncture of S is zero. Similarly, the sum 
of s* , s* shears for the geodesies in /i at each puncture of S* \ cr is zero, where a E u 
is considered a puncture of S \a. 

Proposition 10.2. Assume that St, StT s* , s* are as above. Then 

n 

lim^kijstihj) s*{gi). 

Proof. Let R^ be the component oi Rt\(J which corresponds to the component of 
S \ a which contains arcs homotopic to gi . Let p £ R^ \ U = R* \ U he sl fixed 
point with a fixed tangent direction. Let tt^ : H — > i?t be the universal covering of 
Rt chosen such that 7rt(i) = p and a fixed tangent direction at i S H is mapped 
onto the fixed tangent direction at p G Rt - Let Vt and V* be the Zygmund vector 
fields corresponding to the tangent vectors ut and u*. By the above, we have that 
Vt converges to V* pointwise on R. 

The normalization of the universal covering TTt : H — > i?t implies that the lifts 
(7rt)~^(cr) leave every compact subset of H. It follows that (7rt)~^(A) converges to 

Let gi be a lift of gi to H under the covering map tt. Recall that gi corresponds 
to a homotopy class of arcs in Xn {S \ a). If gi does not end at a, then there is 
a unique hi G /i which corresponds to it. Let hi{t) be the lift of hi under irt such 
that hi{t) — >■ as t — > 1. If gi has one or two ends at a, then there exists finitely 
many geodesies hi^i, . . . , hij G A written with multiplicity such that hij r\{S\(7) for 
Z = 1, . . . , J is homotopic to gi. Let hi,i{t) be the lift of hi,i under 7rt for Z = 1, . . . , j 
such that hi^i{t) converges to as t — )• 1. 

We can assume that hi^i{t), hi^2{t) ■ . ■ , hij{t) are given in order such that each 
hi I is in between hij^i and ft-ij+i for / = 2, . . . , j — 1. Then hn and /i^j+i share a 
common endpoint. 

Let a,b,c,d G R be the endpoints of a quadrilateral with the diagonal (b,d). 
Then the shear s of the diagonal {b, d) associated to a vector field on R is given 

by 

■((h^\) , V{d)-V{a) V{d) - Vjc) Vjh) - V{a) 
s((b,d)) = — — + — — . 
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We write V{c, b) instead of ^IZi, for short and similar for tlie other expressions. 
Note that the expression s((6, d)) is the sum of four terms with positive or negative 
sign in front. In fact, the sign in front can be determined as follows. Orient the 
boundary sides of the triangle T with vertices (a, 6, d) such that T stays on the left 
of the boundary sides. If the terminal endpoint of a side ti of T coincides with the 
initial point of a side t2 of T then we say that ti comes before t2 , otherwise ti comes 
after t2. The quadruple {a,b,c,d) divides R into four intervals. Each expression 
above corresponds to one of the four intervals. The sign in front of the expression 
is positive if the geodesic whose endpoints agree with the endpoints of the interval 
comes after the diagonal {b,d), and it is negative otherwise. 

Each geodesic of the sequence hi,i{t), hi,2{t) . . . ,hi,j{t) intersects one lift at of 
some a € a under the covering map nt- Thus at separates one endpoint of each 
geodesic of the sequence from i G H when t is close enough to 1. The set of 
other endpoints is either separated from z e H by another lift a' of a geodesic 
a' € (T, or all endpoints are equal. In both cases, the sequence of geodesies 
hi.i{t), hi^2{t) • ■ • , hi,j{t) converges to gi as t — > 1. Each two consecutive geodesies 
hi^i{t),hi^i+i{t) form a hyperbolic wedge and we make a hyperbolic triangle by 
adding a geodesic to this wedge whose endpoints are the endpoints of the two ge- 
odesic which are not common. The added geodesic is separated from i S H by 
either a or a'. These added geodesic are small as t — > 1 in the Euclidean metric 
on H U R. We add a triangle Ti to the side of hi^i opposite hi^2 and a triangle T2 
to the side of hij opposite hi,j-i. The added triangles Ti and T2 have all their 
sides in A. We obtained a sequence of adjacent triangles such that the union of 
each two adjacent triangles forms a quadrilateral whose diagonal is in the sequence 
hi^i{t), hi^2{t) ■ ■ ■ , hij{t). The added geodesies are small as t — 1 and each of them 
appears as a boundary side of exactly two quadrilaterals which share a triangle. 

We consider the sum Y.l^i St{h.ij{t)), where St{h,i) = Vt{di,ai) + Vt{ci,bi) - 
Vt{di, ci) — Vt{bi, ai) as before and (a/, bi,ci,di) are the vertices of the quadrilateral 
whose diagonal is hi^i{t). Each small added geodesic (a', b') is contained in exactly 
two adjacent quadrilaterals. The sign of V{a\ b') is determined with respect to the 
diagonal of the quadrilateral. Since two quadrilaterals have different diagonals it 
follows that the two terms for Vt(a',6') have different signs in the sum and they 
cancel out. 

We continue the analysis of the terms in the above sum. Note that hi^i{t) 
and hij{t) appear as boundary sides of exactly one quadrilateral and that hi^i(t) 
for / = 2, ... ,j — 1 appear as boundary sides of exactly two quadrilaterals. Let 
hij{t) = {bi{t),di{t)),hi^i+i{t){bi+i{t),di+i{t)) be two adjacent geodesies in the 
above sequence which are boundary sides of the above triangle with one small 
side, where either bi{t) = bi+i{t) and di{t)) ^ rf/+i(t)), or bi{t) ^ and 
di{t)) = di+i{t)). The triangle appears as one half of two quadrilaterals which 
implies that Vt{bi{t),di{t)) and Vt(6;+i(t), d;+i(t)) have different signs in the above 
sum. It is clear that \Vt{bi{t),di{t)) — Vt(6i+i(t), d;+i(t))| — ^ as t 1 because 
bi{t) and bi+i{t), and di{t) and are close for t close to 1. It follows that the 

total sum of terms Vt{bi{t),di{t)) for the sequence converges to zero as 

Let a{t) be the third vertex of Ti and let c{t) be the third vertex of T2. Then 
a{t) and c{t) converge as t — > 1 to the vertices of the quadrilateral which is the 
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union of two adjacent triangles in H \ tt ^ (fj.) and which has gi as its diagonal. The 
above considerations imply that 



\imJ2Mh^,l) = lim Vt{c{t),b,^j{t)) + Vt{d^^l{t), a{t))- 

1=1 

Vt{h,i{t),a{t)) - Vt{d,^j{t),c{t))\ = V{c,h)+ 
V{d,a)-V{b,a)-V{d,c)^s*{gi) 

where gi — {b, d). The proposition follows because X]z=i St{hi^i) = 'YTj=\ ki,j^t{hj) 
by the definition of kij. □ 

Let ut for t E [0, 1) be a path of tangent vectors to T{S) that limits to a tangent 
vector u* at a point R £ 5((t) as t — > 1. Let Vt,V* be the Zygmund vector fields 
corresponding to the covering maps tt^ , tt : H — >■ i?t , i?* normalized as above. This 
implies that Vt converges pointwise to y* on R as i — > 1 and the supremum of the 
Zygmund norms of Vt is finite. Then H{Vt){x) — > H{V){x) as t 1 uniformly on 
compact subsets of R by Lemma 15.11 

Let St , s* be the infinitesimal shear functions corresponding to the tangent vec- 
tors ut,u* . Then by Proposition 110 . 21 we have that 



f]n'^kijH{st){h,^j) = s*{gi). 



3 = 1 

This combines with the results of Roger [37] to imply a topological version of a 
theorem of Masur: 

Theorem 10.3. |18j The Weil-Petersson metric on T[S) extends by continuity to 
the closure T{S). 
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